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Odd Integers N With Five Distinct Prime Factors
for Which 2 —102 <o(N)/N< 2 +107"

By Masao Kishore*

Abstract. We make a table of odd integers N with five distinct prime factors for which

2-10712 < o)V < 2 + 10712, and show that for such N lo@V)/N — 21 > 10714,

Using this inequality, we prove that there are no odd perfect numbers, no quasiperfect
numbers and no odd almost perfect numbers with five distinct prime factors. We also

make a table of odd primitive abundant numbers N with five distinct prime factors for

which 2 < oV)/N < 2 + 2/101°.

1. A positive integer N is called perfect, quasiperfect (QP), or almost perfect
according as o(N) = 2N, 2N + 1, or 2N — 1, respectively, where a(N) is the sum of
the positive divisors of N. While twenty-four even perfect numbers are known, no odd
perfect (OP) numbers, no QP numbers, and no almost perfect numbers except a power
of 2 are known.

In this paper we make a table of odd integers N with five distinct prime factors
for which

6] 2-10712 <o(W)/N <2 + 10712,
and we show that for such ¥
lo(@V)/N — 21 > 10714,
Using this inequality, we prove that there are no OP, QP, or odd almost perfect (OAP)
numbers with five distinct prime factors.

N is called primitive abundant if NV is abundant (o(V) > 2V) and every proper
divisor M of N is deficient (o(M) < 2M). In 1913 Dickson [4] published a table of
odd primitive abundant numbers with less than five distinct prime factors. In this
paper we also make a table of odd primitive abundant numbers N with five distinct
prime factors for which

2 2 <o(V)/N< 2+ 2/10'°.

2. Throughout this paper we let N = I/, pi where 3 <p,; <---<p, are
primes and a,’s are positive integers. p;’" is called a component of M.
We define
a(p) = min{alp?*t! >10'2},
wN) =r, ,
SOy = oIV = [T @F* - Dipfi; ~ D,
i=1
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am=[ TI S(p?")] [ I1 S(p:-’"’f’)],

| 2;<a(p;) i=a(p;)
avy={ TI s(pgi)][ 1 p,-/(p,-—l)],
La;<a(p;) a;=a(p;)

[10'2 log S(p?)]/10'% if a < a(p),
Lp®) =

[10'2 log p/(p — 1)1/10'? if a > a(p),

where [ ] is the greatest integer function. We note that if p, ¢ are primes with p >
q and a, b are positive integers then

Sp?) = @ = DIp*(e — 1) <p/lp - 1) = lim SE%) <(q + D/g <S(¢"),

a—reo

and so L(p%) < L(g®) and A(WV) < S(V) < B(V). Hence, we have
LEMMA 1. (a) If AWN) > 2 — 10712 and BWV) < 2 + 10712 N satisfies (1).
() IfFAN) <2 -10"'2 <BW) < 2 + 1072, some N satisfies (1).
(¢) If 2 — 10712 < AMW) < 2 + 107'2 < B(N), some N satisfies (1).
) IfAWN)<2-10"12 gnd 2 + 10712 < B(N), some N may satisfy (1).
(e) If 2 + 10712 < AW) or BIN) < 2 — 10712, N does not satisfy (1).
In Lemmas 2 through 5 we assume that NV satisfies (1) and w(V) = 5.
LEMMA 2.

5
3) 0.6931471805544 < 3" L(p’?) < 0.6931471805655,

i=1

where b; = min{a;, a(p;)}.
Proof. Suppose p? is a component of N. If a < a(p), then

llog S(*) — L(p*)| < 10712,
If @ = a(p), then p*+! > 10'? and
10712 > log p/(p = 1) — L(p*) > log S(p*) — L(p®) = log S@*) — log p/(p — 1)
=log (1 -1/p**!y=- i Vit > -1/t - 1) > - 10712,

i=1
Hence

llog S(p*) — L(p*)| < 10712,
Since (1) holds,
0.6931471805544 < log(2 — 10712) — 5/10'?
5 5
<Y log S(pf) - 5/10'2 < 3" L(pPi)
i=1 i=1
< i log S(p{%) + 5/10'% <log(2 + 107'2) + 5/10'2

i=1

< 0.6931471805655. Q.E.D.
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LEmMMA 3. p, =3,p, <1l and p; <41.
Proof. Lemma 3 follows from the following inequalities:

_____ _ —12
46101216<2 1075,
313171923 _, _ o10
212161822<2 1075,
35434753 _,_ 12
242246 52<2 100°“. Q.ED.

LeEmMa 4. p, < 5000.
Proof. Suppose N satisfies (1) and p, = 5003. Then

0 < L(@%5) < L(p5%) < log S(p2%) + 10712
<log pal(ps — 1) + 10712 < 1/(p, — 1) + 10712

< 0.0002.
Hence by (3)

4 0.69274 < i L(pP) < 0.69315.
i=1

A computer (PDP11 at the University of Toledo) was used to find Hf’:l pf’ i satisfying
(4), but there were none. Q.E.D.

Similarly, we can prove

LEMMA 5. pg < 3000000, 0r T | p?i = 3756172233 and 36549767 <pg <
36551083.

The computer was used to find N = l'[i5:1 p{i satisfying ¢; < a(p;), Lemmas 3, 4,
5, and Lemma 2 or Lemma 1(b), (c), (d), with the result given in Table 1.

LEMMA 6. Suppose N =TI;_, p$iand M = TI;_, pf.’i where b; = min{a,, a(p;)}.

If M = 323512176257%65521, |S(V) — 21 > 5/10'3;

if M = 3851%173251-1884529, IS(V) — 21 > 2/10'4;

if M = 3859173251-1579769, ISWV) — 21 > 3/10'3;

if M = 385817°269%41533, 1S(V) — 21 > 4/10%;

if L, pPi = 3758172233, IS(V) — 21 > 10714,
In all other cases |S(N) — 21 > 10713,

Proof. The first part of Lemma 6 follows from the following inequalities:

5(323512176257465521) < 2 — 5/10'3,
8(32351217%257565521) > 2 + 1/10'2,
S(38514173251) 1884529/1884528 < 2 —2/10'4,
S(385°173251-1579769) < 2 — 4/10'3,
$(3852173251-1579769%) > 2 + 3/10'3,
S(3858269%) 17/164153/4152 < 2 — 4/10'4,
S(385817°269°41533%) > 2 + 3/10'3,
S(375917%233:36550379) > 2 + 5/101%,
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and
S(375617%233) 36550429/36550428 < 2 — 10714

Suppose |S(V) — 21 < 107'3. Then (1) holds, and so N is given in Table 1; however,
for every N in Table 1 except for those given above S(V) < B(N) < 2 —107!3, or
S(V) = AW)>2+ 10713, QE.D.

We have proved

THEOREM. If N is an odd integer with w(N) =S, lo@V)/N — 21 > 10714,

3. We used a similar method to find odd primitive abundant numbers N =
l'lf':1 p?" for which (2) holds, with the result given in Table 2 in the microfiche.
Table 2 includes odd primitive abundant numbers N with w(V) = S one of whose
component p? is greater than 10'?; for, letting M = N/p®, we have

2 < o(V)IN = o(M)o(p*)/Mp* = oM)(po(P®™*) + 1)/Mp®
= o(Mp®~)/Mp®~" + o(M)/Mp® < 2 + 2/10'°,

showing that (2) holds.

4. Suppose N is an odd integer such that o(N) = 2N + 4. If |14/N1 < 10714,
then by our Theorem w(N) = 6. We give three examples of such M.

Suppose N is OP. Sylvester (1888), Dickson (1913), and Kanold (1949) proved
that w(V) = 5. From our Theorem we have

ProrosiTiON 1. If N is OP, w(N) = 6.

This fact was also proved by Gradstein (1925), Kiihnel (1949) and Webber
(1951). Pomerance [1] (1972) and Robbins (1972) proved that w(N) = 7, and
Hagis [2] proved that w(V) = 8.

ProrosITION 2. If N is QP, w(N) > 6.

Proof. By [3] if Nis QP, then N is an odd perfect square, w(N) = 5 and N >
10%°. Hence 2 < S(V) =2 + 1/N < 2 + 1072°, and so by Theorem w(N) = 6.
Q.ED.

LEMMA 7. If N is OAP, pN is primitive abundant for some p|N.

Proof. Suppose N = Il._, p;? is OAP, and choose j so that o(p}’f) > o(pi?)
for every i. Letting p = pj,a=a;and L = N/p®, we have

20°L - 1 = o(N) = o(p*)o(L)
= (1 + po(P*~")o(L) = o) + po(p*~" o).
Hence plo(L) + 1. If p = o(L) + 1, then
a+1

Zl p' = o@*)p = o@*)o(L) + o(p*)
i=
= o(N) + o(@®) = 20°L — 1 + o(p*) = 2p°L + i P,
or p**t1 = 2p°L, showing that N = 2%. Since N is OAP, p # o(L) fi, and so p <
o(L) because pla(L) + 1. Then
a(pN) = o(@** o(L) = (1 + po(*))a(L)
= o(L) + po(N) = o(L) + 2pN —p > 2pN,
showing that p/V is abundant.
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Suppose M is a proper divisor of pN. If p?*? + M, then M is a divisor of N,
and M is deficient because

S(M) < S(N) = 2 - 1N < 2.
Suppose p*1|M. Then for some k, pg¥ + M. Letting q = p, and b = a,, we have
o(@*) = o(g®), or
b . a . atl
2 4d<y <y p
i=1 i=1 i=1
Hence

b—1 . a .
A" Y a7 <1ig®) 3 v,
i=0

i=0

and by adding 27_, p* 2, 0 1 g7 to both sides we obtain

a+t+1 b—1
2P "’Z q"<Zp Zq
i= i=0

or S@*t1)S(g%1) < S@*)S(q®). Then

S < s@*t s I sei

i#j,k

<S@*S@®) I Swih=sw) <2,
i*j,k
showing that M is deficient. Q.E.D.

LeEmMMA 8. If N = I, p;i is OAP, a; is even. Ifp; = 3,a, > 12.

Proof. Suppose N is OAP, p® is a component of N, q is a prime and qlo(p?).
Since o(NV) = 2N — 1 is odd and o(p®)|o(V), o(p®) = Z%_,, P/ is odd. Hence a is even.
Since q120(N) = 4N — 2 and 4N is a perfect square, (2|q) = 1, where (21q) is the
Legendre symbol, and so ¢ =1 or 7 (mod 8) because (2lq) = (- 1)(‘12_1)/8. Also
o(®) =1 or 7 (mod 8), for, otherwise, o(p?) would have a prime factor = 3 or 5
(mod 8).

Suppose p = 3 and @ = 2e. Then 0(32°)=1+4e=1or 7 (mod 8), or e =
0 (mod 2). Hence a = 4,8, 12, . . . ; however, a # 4 or 8 because 1110(3%), 11
3 (mod 8), 1310(3%) and 13 = 5 (mod 8). Q.ED.

ProrosiTION 4. If N is OAP, w(N) = 6

Proof. Suppose N = II;_, is OAP. Then by Lemma 7 pN is primitive abundant
for some pIN. If 3 ¥ N, w(N) = 17, for, otherwise,

il

2 < 8(N) < <2711131719
,I_Ilp 154610121618 <2

Suppose 3|N. Then 3'2IpN by Lemma 8. According to the table of odd primitive
abundant numbers M with fewer than five distinct prime factors in [4] 3'% 1 M.
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Hence w(V) =5, and N > 325272112132 > 10'3. Then 2 >SWV)=2—-1/N>
2-107!3, and by Lemma 6 w(V) > 6. QED.

For other results on QP and OAP see [3], [5], [6], [7] and [8].

Computer time for Tables 1 and 2 was over four hours.

TABLE 1

N =15, p{i for which 2= 107'? < o(N)/N <2 + 10712

pll’l pgz pgs p24 pgs
325 5% 177 251 570407®)
323 512 17% 2574 65521()
322 55 17¢ 251 5696592
321 5° 17° 257% 650992 ®)
5% 175 251 557273
320 514 17% 2574 65357®)
319 53 173 181 571492
318 55 175 251 5570172
174 251 4068112
316 55 178 251 5679432
312 5% 175 251 4129432
3t 512 17° 2573 58337(%)
310 510 17° 2573 47791%(©)
3° 73 135 192 1009643®)
38 sté 178 2574 151372
514 173 251 1884527(¢)
1884529
513 173 251 1884061
511 173 251 1870207
5° 173 251 1579769
58 17° 2694 41533
53 19° 836 493277
198 833 4882032
197 834 493201
37 56 172 233 (e)

Note: (a) If b; = a(p;) and ¢ > 0, pr also satisfies (1). See Lemma 1(a).
(b) See Lemma 1(b). (c) See Lemma 1(c). (d) See Lemma 1(d).
(¢) 36549767 < pg < 36551083.
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TABLE 2

5 a
0dd primitive abundant numbers N = I Py i for which 2 < o(N)/N < 2 + 2/1010.
i=1

MASAD KISHORE
a I3 13 13 13
1 2 3 4 5
3 p, Py P Pg
32 512 178 257* 65521+
55 178 251 5704072"
3% 512 176 257° 65521+
257° 655212
55 178 251 569659+
1° 251 s57281%
1t 251 406951%
3?2 512 178 2572 65269+
TR 573 65353
510 178 257* 65447+
52 178 257* 65099%"
57 1t 263 391"
55 1’ 251 570403+
6 2
v 251 569659
4 2
7 251 406951
53 178 181 179651%
3 514 1 2574 65357+
510 17° 257* gsaa7e
18 573 654472
s 2573 65269+
1t 2574 62563*
59 178 2572 64849+
A 2573 36583%
4 2+
7 137 15461
8 175 7% 63241+
3 P
257 63241
s 178 2572 55927%
6 2 .
5 7 137 14869
55 18 251 570421%
1’ 251 §70379* < pg*
< 570391+
178 251 557261* < pg*
< 557273

MOTE: * means one component of N is greater than 10'°.
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18
a®

257°
2573
2573
2572

273
2572
257*
257
257
257
1378
257*
2573
251

251

251
251

478
257
257°
257*
267%
2572
27%
257%
2572
257*
257*
257
10?2

Ia

1A

1796512"
5393
709+
65357%
65357
62639
65089
62627
626272
366372
654472
654372
625632
64349+
180612"
63397
633972
570421%
570389 < pg
570419
570359
570373
569599 < pg
569623
5393
653572
7212
62639
626392
65089%
626272
625632
64849
36583
632012
55927
19072
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65

251
251
221°

2573

251

251
251

251

239
2273
181

257°
257
257°
257

27°
2812
257
257*
2573

1A

570359"
570329
4453
180907
62639
655212
65519
269
65353
65353
4501
32887
64919
55933
550872
538132
8969
570173+
570139
570161
570107 <pg
570113
569369
556987
556999
406807
406811
168117
444532
179623
62633
655212
65519

2o



5

59

8

1372
2572
251
251

251

18191
559272
569581<p
< 569609
568807
568823
556459
556477
556483%"
406513
406517
164071
44281
180907
44357
62383*
65323
321432
65497
769
36709
62597
625972
2677
65413+
65413
654132
62533
625332
64817
648912
61987
633772
632112
567943¢
567937
567943%"



251

251
251
251

2572
2573
2672
257°
257
257
2572
383°
27%
2672
267*
257*
273
2572
257

2573
2572
257%
2573
257%
2572
251

251
251

251
251

S67871 < pg
< 567883
5678992
567143
554887
405659
405667
180667%"
65183
65257
65183
65423
65173
623232
65171
769
62549
651672
65407
65171
651712
36583
235312
63313
630792
60611
560392
55733
34667
562963 < Pg
562987
562931
562043
562193
562201
550139
403133
403141



3

53

5

239
181
181

181
181
181
181
257
2572
3492
o7
97
2572
2572
2572
2574
257°
2572
2572
251

251

251

251

251
239
181
181
181
257
267°
257

Ia

163517
180241%
180239
1802412"
180161
178903
159937
57073
23561%
621432
973
9209
4493
64969
649012
62731
55901+
b

55901
55717
55589
548623
548629
548579
548591
547889 < g
547909
536423 < pg
536447
536449%"
395719
242392

2
177431

2e
158759
569237
64403
61609
64403



27
27*
2472
293

2673
2574
2572

439°
257
257°
261

251
251

251

251

251

646332
618192
64319
19732
64223
64223
61223
62347
607
554692
35323
509647 <
<509659
509623
509023
509027
499117
499127
375029
375043%"
nrer?
163012
20
173149
2.
1
%4612
62549
625732
7607
60763
60611
sg2n?
420007
420103
419687
419693
412939
412043%"
324199
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9

239
181
181
257%
257°
257
257
257°
257
2572
257°
2572
251
251
239
181
257%
257
2573
257*
2573
972
2572
27°
2574
257
137
257°
2673
251
89°
257°
2514
251
2513
2514

213

16691
161459%"
56171
58199
58337+
58337
30937
sg2n?
308412
564532
50753
505032
274983
230467
125407
134263
47837+
27743
477032
462792
478372
86772
47701
2
47791
477912
476572
88492
475992
290632
134817
509
2877
355193
355171
355139
354881
354883
354847



73

516
515

178

7t

176
173

]310

2512
251

2514
2514
2513
181

8

1812

Fad
257%
251
251
251

mn?
251

251
251

251

347099
53503
350039
284117
284093
445192
255839
255841
245257
2
245261
1276687+
1276543 < pg*
< 1276679 *
1276397 <
< 1276529
1274549 < pg
< 1274671
1251083 < pg
< 1251227
1009559 < pg
< 1009637
151372
o
15137
1884529% < pg*
< 1884611 *
1884193 < pg
< 1884527
1883731 < pg
< 1884061
3733
1881389 < Pg
< 1881697
1869859 < Pg
< 1870207
1814279 < pg
< 1814599
1579541 < pg
< 1579751



8

6

§3

12

173

178
174

v’
178

1t
10
i

T
19°

3
269°
251

a1®
12
283°
257
251
251
251

251
251
233
233

233

1579769%"
96517
41533
959083 < pg
959131
92849
92237
2339
839
736577
736511
735239 < pg
<735283
NSt < pg
< N4787
484987
477250+
477209
ar7221
476683
476701
468001
493277+
4932772+
493277%
493211+
488197+
o
488203
493243
493249
93177 < pg
< 493201
817
264811
493001
487933
264739
488143 < Pg
< 488153
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36

5

54

19%

83
833

83

83
53
251%
233

483167
83179
anzer
407783 < pg

< 407791
239231
2392332
483012
125791
13457
36483767 < by

< 36550379
6
662551 < pg

< 662591
99961
99139
995512
926712
365017
455032
750413 < pg

<750457
34267+
1193683 < pg

< 1193783
716932
145967
1459872*
142512
145963
11287
145903%"
n3sg?
145547%"
mn?
143831



3

3

5

5
53

515
S"

57

6
§5

54

229°
1033
229

229°
229°
227

2272
167

167
167
167
167
163
na?
1913
83
1914
193
478
103
191
3
191
N
4t
179°
1792
179*
1793
1792
179%
1792
672
137
67

135829
8532
130259
1302612%
130253
RN
2420849 < pg
< 2021821
475632
422701 < P
<422
422689
422267
415427
325729
449832
617
26861%
735232
26497
108372
27823%"
10601
246972
19319
19973
nser?
57991
2283
219619
226231
2261832"
217643
196727
60509
37993
62633
3198)



